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Generalizing SAT Example on Z2

Let G be a f.g. group and a symmetric generating set S. Take For 7% — (a,b | [a,b]), take the formula:
words {w;;} € S* and define the formula

¢—( llz2\/a\/b),

m

6= N\ ((win) V..V (wi)), and H = (222

1=1

where w’ represents w or the negation —w.

The k-SAT problem for G asks, given a formula with £ literals

¢ and {u;}, C S*, if there is an assignation of truth values
a: G — {0,1} such that
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where H = (uy, ..., uy,), and g;; = w;;.

Reductions

The Domino Problem on G asks, given an alphabet A and a set

The subgroup membership problem of G asks, given ©f forbidden patterns J C A? x S, if there exists amap = : G — A
words w, {ui}?’zl 1n S*, if w € <ﬂ1, ,ﬂn> such that (f(g),di(gS), 3) g .

Proposition Proposition

The subgroup membership problem of G reduces to If G has decidable subgroup membership problem, then
2-SAT(G). k-SAT(G) reduces to DP(G) for k > 2.

This implies virtually free groups have decidable k-SAT.

Main Result

Theorem
0[0]0
If G admits a strict finite index subgroup H < G such that 1o 0
H ~ G, then DP(G) reduces to 3-SAT(G).
. JCIERE
For an alphabet of size n, take a subgroup of index > [log,(n)| and . > 0111
code each letter. If G = Z° and A = {{'], 1, ,[ 1}, take H = Z x 27: .-. | 01010
o o H 1
| 0 ¢1 — 172 'Y, 110 1
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.I > (1) <—>¢2 :122/\_'13,
If #/={(ll,l.b)}, the formula coding the problem is given
by,
.I > 1 — ¢3 :_Ile/\b, 4 5
0 \/ di(1z2) | A (m¢3(la) V —¢s3(b%)) .
i=1
| > 1 — ¢4 =12 AD. which i1s then transformed into 3-CNF form.

Corollary

3-SAT(Q) is undecidable for virtually Z% groups for d > 2, the Heisenberg group, BS(1,n), torus knot groups, free-by-cyclic
eroups IF,, Xg Z, where 0 has finite order in Out(F,,), lamplighter groups, and Z% x GL(d,Z).
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